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NMR relaxation (T1, T2, NOE) experiments are a very
important tool for studying the internal dynamics of proteins.1,2
Molecular information can be extracted from the relaxation data
using various analytical models for the dynamics whose
parameters are derived from fits to the relaxation data.3 Another
approach involves the direct mapping of spectral density
functions from experimental data.4 The approach most commonly used is based on the so-called “model-free” formalism.5,6
The information contained in the relaxation data is assumed to
be completely specified by two quantities: a generalized order
parameter, S2, which is a measure of the spatial restriction of
the internal motion, and an effective correlation time, τe, which
is a measure of the rate of the internal motion. This framework
has been applied by a number of groups to interpret NMR
relaxation experiments on proteins.7-11
The model-free parameters are usually extracted by minimization of an error function which is a measure of the difference
between the calculated and experimental relaxation parameters.8
Although this fitting procedure has been widely applied, the
effects of the precision in the measured NMR parameters on
the theoretical parameters is far from transparent. As we
demonstrate here, the information contained in the NMR
experiments concerning dynamics is rapidly degraded as the
uncertainties in the NMR relaxation measurements grow.
In this communication we show how the complete set of
model-free parameters consistent with the experimental data can
be determined graphically. The procedure is applied to
published data11 to demonstrate the effect of experimental
uncertainties on motional parameters in different regimes. We
note that the graphical method has been applied previously in
a more limited way to extract protein order parameters and
effective correlation times from NMR experiments.12
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The heteronuclear relaxation of protonated 15N nuclei is
mediated primarily by dipole-dipole interactions with the
attached protons and secondarily by chemical shift anisotropy.
The relaxation rates depend on spectral density functions which
contain the dynamical information. In the “model-free” formalism,5 the spectral density function, assuming isotropic overall
tumbling, is characterized by the two parameters, S2 and τe. The
expression for J(ω) is

J(ω) )
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where 1/τ ) 1/τe + 1/τm and τm is the overall correlation time
of the macromolecule of interest. The only requirements for
the validity of the “model-free” expression for the spectral
density are that the overall tumbling and the internal motions
be uncoupled and that the correlation functions describing these
motions decay as single exponentials. In particular, we note
that there is no requirement that the internal motions be close
to the extreme narrowing limit, although as discussed below,
the way in which the precision in the experimental measurements propagates through to the precision in the derived modelfree parameters is affected by the relative time scales of the
internal and tumbling motions.
When τm is determined for the macromolecule, R1 can be
directly calculated if S2 and τe are given, whereas it is not
possible to evaluate S2 or τe analytically even if the relaxation
rates R1, R2, and NOE are known. Longitudinal relaxation data
may be written in the form R1 ( ∆R1, where ∆R1 corresponds
to the uncertainty in the measurements. The essence of our
graphical procedure involves the construction of contour lines
of constant R1 as a function of S2 and τe. For a given relaxation
measurement with its estimated error, the area in the (S2,τe) plane
between the two contour lines defined by R1 - ∆R1 and R1 +
∆R1 contains all pairs of (S2,τe) parameters consistent with the
experimental measurement. By the same procedure, regions
in the (S2,τe) plane containing model-free parameters consistent
with the transverse relaxation and NOE measurements can be
determined. The overlap of these areas defines the complete
solution space for the model-free parameters that contain (S2,τe)
pairs which are consistent with all three NMR relaxation
measurements.
Contour maps of R1, R2, and NOE are displayed in Figure 1.
For each of the NMR relaxation parameters, regions where the
contour lines are most densely spaced correspond to regions of
(S2,τe) space which are least sensitive to errors in the measured
parameters. For both R1 and NOE, there is a large variation in
the spacing of the contour lines in different regions of the
contour map, with the most densely spaced region corresponding
to small order parameters S2 coupled with short internal
correlation times τe; the spacing of spin-spin relaxation R2
contour lines as a function of (S2,τe) is more uniform. For
illustrative purposes, the shaded area on each contour map
indicates the allowed values of (S2,τe) corresponding to a
representative set of NMR relaxation parameters (see the figure
legend). The shaded region in Figure 1d contains the pairs
(S2,τe) which are consistent with all the NMR relaxation data,
corresponding to the superposition of the shaded regions in 1ac. Note that the shaded region in Figure 1d containing the set
of solutions (S2,τe) consistent with all the relaxation data is not
rectangular as would be the case if the uncertainties in the two
model-free parameters were independent of each other. In the
literature however, the errors in S2 and in τe are usually reported
as independent quantities.
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Figure 1. Contour maps of S2 and τe for different types of 15N NMR
relaxation measurements: (a) longitudinal R1 contours; (b) transverse
R2 contours; (c) heteronuclear NOE contours [For these contour maps,
the spectrometer frequencies ωH and ωN were chosen to be 500 and
50.7 MHz, respectively, and the overall correlation time 4 ns. To
illustrate the mapping procedure, a region is shaded in each map
corresponding to the following sample NMR data: R1 ) 2.88 ( 0.05
s-1, R2 ) 5.90 ( 0.10 s-1, NOE ) 0.55 ( 0.05]; (d) superposition of
the allowed (S2,τe) pairs from Figure 1a-c. Contour lines for R1, R2,
and NOE are denoted as thick lines, dashed lines, and thin lines,
respectively.

Figure 2. Application of the graphical method to published11 backbone
15N-1H NMR relaxation data for the protein hTGFR (Figure 2a-c)
and unpublished data for a PTI [C30V, C51A] mutant (Figure 2d).
The S2-τe solution spaces are indicated by shaded area(s) in each plot.
The experimental relaxation data are (a) hTGFR Ala-31: R1 ) 2.50 (
0.22 s-1, R2 ) 5.36 ( 0.29 s-1, NOE ) 0.62 ( 0.01; (b) hTGFR Asn6: R1 ) 2.61 ( 0.71 s-1, R2 ) 5.53 ( 0.58 s-1, NOE ) 0.44 ( 0.03;
(c) hTGFR Tyr-38: R1 ) 2.83 ( 0.23 s-1, R2 ) 5.85 ( 0.59 s-1, NOE
) 0.63 ( 0.01; (d) PTI mutant Phe-4: R1 ) 2.79 ( 0.19 s-1, R2 )
4.25 ( 0.30 s-1, NOE ) 0.56 ( 0.07. Contour lines for R1, R2, and
NOE are denoted as those in Figure 1.

The graphical procedure for determining model-free parameters described in this communication was applied (see Figure
2a-c) to representative experimental data from NMR relaxation
studies of the dynamics of human type-R transforming growth
factor (hTGFR) reported by Li and Montelione.11 For the
backbone NH bond of residue Ala-31 (Figure 2a), the graphical
solutions (S2 ) 0.83, τe ) 55 ps) agree very well with the
numerical solutions obtained by repeated optimizations of an
error function starting from different initial conditions.8 The
graphical solutions for the model-free parameters consistent with
the experimental NMR data for the NH bond of Asn-6 are shown
in Figure 2b. The agreement with the solutions for (S2,τe)
obtained by optimizing the error function reported in ref 11 is
relatively poor. The values reported for S2 and τe for Asn-6
were 0.83 ( 0.06 and 0.52 ( 0.43 ns, respectively, while
actually the set of solutions (S2,τe) consistent with the experimental data found by the graphical method are highly correlated,
S2 varies between 0.56 and 0.85, while τe varies between 0.1
and 2.3 ns (see Figure 2b).
A striking example of the disagreement between the graphical
method and the numerical procedure based on minimization for
finding model-free parameters is provided by the NMR relaxation data for the backbone NH bond of Tyr-38 (see Figure
2c). Model-free parameters consistent with the experimental
data were located by the numerical method, but the method does
not provide a reliable estimate of the size of the solution space.
The generalized order parameters and effective correlation times
determined by minimization of the error function were reported
to be S2 ) 0.91 ( 0.01 and τe ) 108 ( 24 ps.11 However,
according to the graphical analysis (Figure 2c), the uncertainties
in the NMR relaxation measurements are sufficiently large, so
that little useful information about the motion of the NH
backbone of Tyr-38 can be extracted from these measurements.
Shown in Figure 2c are correlated (S2,τe) pairs consistent with
the experimental data; S2 varies between 0.55 and 0.95, while
τe varies between 0.1 and 6 ns. Although not shown in the
figure, there are additional solutions to the model-free equations
with even smaller order parameters and larger effective cor-

relation times. Thus, for both Asn-6 and Tyr-38, the size of
the model-free parameter space consistent with the relaxation
data is much larger than the set determined by the numerical
optimization procedure. Interestingly, the amount of molecular
information about protein motions contained in the NMR
relaxation data depends both on the relative uncertainty in the
measurements and on the absolute values of the relaxation rates;
the rates in turn depend both on the overall tumbling time and
the spectrometer frequency.
Figure 2d presents a final example of the graphical analysis
of NMR relaxation data based on unpublished experiments on
a mutant form of pancreatic trypsin inhibitor (PTI). The
measured relaxation data are reported in the legend. The
example was included to show the possibility of finding
discontinuous regions in (S2,τe) space which are consistent with
the experimental data for some combinations of NMR relaxation
parameters. For this data set, there are (S2,τe) pairs which fit
the experimental data with large order parameters and very short
effective correlation times as found by the error function analysis
and also by the graphical method. However, as shown in Figure
2d, there is another set of solutions to the equations with much
smaller order parameters and larger effective correlation times.
It should be noted that the solutions to the “model-free”
equations shown in Figures 2b-d which fit the experimental
data do not depend on the assumption that τe , τm. However,
for a fixed precision in the experimental measurements, the
precision in the model-free parameters is coupled to the
separation between τe and τm.5 For cases where there are
discontinuous sets of solutions to the model-free equations, it
should be possible to determine the physically correct set of
solutions by carrying out additional relaxation experiments at
multiple field strengths. A complete graphical analysis of these
issues as well as application of the method to the “extended”
model-free formalism will be presented elsewhere.
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