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Synopsis
A quasi-harmonic approximation is described for studying very low frequency vibrations
and flexible paths in proteins. The force constants of the empirical potential function are
quadratic approximations to the potentials of mean force; they are evaluated from a molecular
dynamics simulation of a protein based on a detailed anharmonic potentia!. The method
is used to identify very low frequency (N1 cm-1) normal modes for the protein pancreatic
trypsin inhibitor. A simplified model for the protein is used, for which each residue is represented by a single interaction center. The quasi-harmonic force constants of the virtual
internal coordinates are evaluated and the normal-mode frequencies and eigenvectors are
obtained. Conformations corresponding to distortions along selected low-frequency modes
are analyzed.

INTRODUCTION
Collective motions of large numbers of atoms in a protein are known to
have functional significance.1-3 Thus, the identification of low-energy
deformations and low-frequency modes of motion in proteins is an important goal of theoretical studies of the molecular-mechanics type. The
traditional theoretical approach to the analysis of collective motions in
ordered polymers has been to perform a harmonic analysis to obtain normal-mode frequencies and eigenvectors.4-s This approach is appealing
for studying flexibility, because the low-frequency eigenvectors can be used
directly to determine the paths along which the macromolecules are most
readily deformed.9 The force constants contained in the required second-derivative matrix are usually parameterized to fit the potential at a
conformational minimum where the normal-mode expansion is exact. The
parameterization is particularly useful for spectral identification and assignmen~t of relatively high frequency modes. For the study of very low
frequency modes, however, a force field should incorporate the anharmonic
character with which the protein moves, since the effect of the anharmonicity can be to enhance significantly the flexibility.1°
In this article, we introduce a "quasi-harmonic" approximation for
studying collective motions and flexible paths in proteins. The model
system studied is the pancreatic trypsin inhibitor (PTI). The atomic
fluctuations obtained from a 96-ps molecular-dynamics simulation of PTP~
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are used to construct the "quasi-harmonic" force field and the normal-mode
eigenvectors and frequencies of the protein are then evaluated. A principal
assumption of the approximation is that the effective potential energy can
be expressed as a quadratic function of the chosen coordinates. In contrast
to the usual harmonic analysis, however, the effective force constants are
obtained from a quadratic approximation to the potential of mean force,
so that anharmonic effects are included implicitly.12 The method and
preliminary results are described below.
METHOD
In this section, we describe the quasi-harmonic oscillator approximation
and introduce the specific form of the model used to study the very low
frequency modes in PTI. In the quasi-harmonic approximation, temperature-dependent experimental or computer-simulation data are used
to construct a quadratic model for the energy of the system as a function
of atomic coordinates at each temperature. The quasi-harmonic approximation appears to have been first introduced by Kobayashi and Todokoro13 to describe the temperature dependence of ir, Raman, and thermodynamic data for crystalline polyethylene. For the polyethylene analysis,
experimental data concerning the temperature dependence of unit-cell
dimensions were used, together with a harmonic model for the intermolecular forces to calculate the normal modes and frequencies of the orthorhombic polyethylene crystal between 10 and 300 K. Recently, quasiharmonic oscillator models have been introduced to calculate optical
spectra for small molecules from Monte Carlo simulations of molecular
motion on anharmonic surfaces~4,~5 and to evaluate the entropy of macromolecules using molecular-dynamics simulations.16,17 Here, we describe
how the quasi-harmonic oscillator approximation can be used to model
large-scale aspects of protein motions.
The model used to describe PTI is based on the virtual-bond formulation
introduced by Brant and Flory,~s and subsequently used to describe
polynucleotides,~9’2° polypeptides,21,22 and proteins.23-25 Each of the 58
amino acids is represented by a single interaction center; for the analysis
below, each interaction center has been taken to coincide with the Ca position of the corresponding amino acid in the PTI crystal structure. These
centers are linked by virtual bonds, virtual bond angles, and virtual dihedral
angles. The use of a virtual-bond model greatly simplifies the computational task of finding the harmonic or quasi-harmonic normal modes and
frequencies for the protein. For the full atomic model of PTI including
all non-hydrogen atoms, finding the normal modes requires diagonalizing
a 1500 × 1500 matrix, whereas only a matrix of order (58 × 3) -- 174 must
be diagonalized for the virtual-bond model we use. The virtual-bond model
is particularly appropriate for the study of the lowest frequency modes of
proteins, which involve the collective motions of entire residues.
In the quasi-harmonic approximation, it is assumed that the empirical
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potential-energy function can be expressed as a harmonic function of the
internal coordinates. The most general expression for the quadratic potential is
E = -~ ~_, Kij(qi - qio)(qJ - qJo)
Z ij

(1)

where (qi _ q io) is the displacement of the ith internal coordinate from its
equilibrium value, the Kil are the diagonal force constants for bond
stretching and angle and torsion bending, and the off-diagonal force constants Kij arise from the possible coupling among the different internal
coordinates. For this preliminary study of PTI using the virtual-bond
model, we have assumed the off-diagonal force constants of Eq. (1) are much
smaller than the diagonal force constants, and we have retained only the
diagonal terms in the model. The empirical potential-energy function for
the virtual-bond model is then expressed as
1 ~, K~(bi_b~)2+l_ .~_, Ki(Oi_Oio)2
E(R) = ~ vi~al
2 virtual
bonds
bond angles

+ ~- ~, K~(¢i - ¢io)~ (2)
2 dihedral
virtual
angles
The energy as given by Eq. (2) is a function of the Cartesian coordinate set
(R) specifying the position of all the interaction centers, but the calculation
is carried out by evaluating the coordinates for virtual bonds Ibil, virtual
bond angles {Oi}, and virtual dihedral angles {¢i} for a given geometry (R).
The temperature-dependent effective force constants of Eq. (2) are obtained in the quasi-harmonic approximation by equating the second tooments of the virtual internal coordinate distributions determined by the
harmonic potential, Eq. (2), with those evaluated from the complete molecular dynamics simulation11 of PTI based on a detailed anharmonic potentia114-16:
kBT
(3a)
Kib _ ( (bi _ bio)2)
kBT

- <(oi - o/o)2>
-

k~T

<-

(3b)’
(3c)

ks is Boltzmann’s constant, T is the absolute temperature, and the quantities in brackets ( ) are second moments of the virtual internal coordinate
fluctuations calculated from the time average of the detailed atomic trajectory, e.g.,
((bi _ b~o)~) = 1_. ~ (bi - bio)~
~ t=l

(4)
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TABLE I
Mean-Square Fluctuationsa of Virtual Internal Coordinates and Quasiharmonic Force
Constants
Mean
((Ab)2) (/~2)
Kb (kcal/mol/~2)
((A0),2) (rad2)
K0 (kcal/mol rad2)
((A¢)2) (rad2)
K¢ (kcal/mol rad2)

Maximum

Minimum

0.0037
0.0048
0.0029
161
206
125
0.010
0.026
0.0031
60
193
23
0.035
0.13
0.0066
17
91
5
a Mean-square fluctuations calculated from 96-ps trajectory (Ref. 11).

SD
0.0004
0.0047
0.024

where b~ is the magnitude of the ith virtual bond at time t and n is the
number of time points sampled. The magnitudes of the virtual bonds were
sampled from 600 coordinate sets evenly spaced over the 100-ps PTI trajectory. From the results of a detailed analysis of the collective motions
of PTI based on time-correlation functions,26 we conclude that the 100-ps
trajectory is long enough to adequately sample the lowest frequency collective modes of the protein. The mean square fluctuations of the virtual
internal coordinates calculated from the PTI trajectory and the force
constants obtained using Eq. (2) are listed in Table I. It is of interest to
compare the virtual bond stretching and bond angle bending force constants
calculated from the harmonic approximation to the potential of mean force
(Table I) with values previously suggested from similar simplified representations of proteins.21,23,27 The average value of the virtual bond
stretching force constant calculated in the quasi-harmonic approximation
is about twice that used previously (~b = 161 kcal/mol/~, Table I; 80
kcal/mol/~2, Ref. 23), while the quasi-harmonic bond bending force constants are somewhat smaller (~’0 = 60 kcal/mol rad~, Table I; 80 kcal/mol
tad2, Ref. 23). The virtual torsion angle force field used in earlier studies
of simplified polypeptide models were not harmonic, so that a direct
comparison with the quasi-harmonic torsion force constants of Table I
cannot be made.
The normal-mode frequencies obtained from the quasi-harmonic potential [Eq. (2)] are solutions of the secular equation
IF - ~o~TI = 0
(5)
Where F is the matrix of second derivatives of the potential energy (Fij =
d2E/dxi dxj) and T is the diagonal kinetic energy matrix (Tij = 5ijmi); for
this preliminary study, the masses of each of the 58 residues were set equal
to the average value, 100 a.m.u. Of the 3N eigenvalues of Eq. (4), 3N-6
correspond to normal-mode frequencies wi, with associated eigenvectors
Qi; the components of Qi give the relative amplitudes of the contributing
atomic displacements expressed as mass scaled Cartesian coordinates. In
order to examine structural features of the low-frequency vibrations, a set
of structures corresponding to motion along normal coordinates can be
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Fig. 1. Histogram of frequency distribution obtained from the normal-mode analysis of
the simplified PTI model.

generated by adding normal coordinate displacement vectors to the minimum-energy coordinates:
Xi = Xmin ~ (kBT)I/2
M-1/2Qi
"0~i

(6)

here Xmin are the energy-minimized coordinates of the C~ atoms, Qi is a
mass-weighted normal coordinate eigenvector, M-1/2 is a diagonal matrix
with elements M-1/2 that cancels the mass dependence in the components
of Qi, and the scale factor (]~BT)I/2/Wi adjusts the displacements to the same
total energy ksT in each mode.
RESULTS AND DISCUSSION
The frequency distribution for the simplified PTI model obtained in the
quasi-harmonic approximation is shown in Fig. 1. This simplified PTI
model has 168 nonzero vibrational frequencies. The highest frequency
modes at N250 cm-1 correspond to localized stretches of virtual bonds. For
comparison, the average stretching frequency for an isolated pair of adjacent residues is calculated to be 210 cm-~ using the mean value !~b ---- 161
kcal/mol/~2 (Table I). The lowest frequency mode calculated from the
model is 0.32 cm-1. This value is considerably smaller than a previous
estimate (N30 cm-~, Ref. 28) of the lowest frequency of vibration for
globular proteins based on a uniform continuous elastic model, although
it is close to the value (~0.17 cm-~, Ref. 23) obtained from a moleculardynamics simulation of PTI based on a similar simplified representation
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Fig. 2. Changes in the principal values of the root-mean-square second moments of atomic
positionsfor displacements with kBT strain energy at 300 K along the lowest frequency
modes.

of the protein. Theoretical studies26,29-31 of protein flexibility using detailed atomic models have demonstrated that the protein atoms move in
highly anisotropic, inhomogeneous environments. As discussed below,
the lowest vibrational frequencies correspond to the collective motions of
structural units of the protein, which are constrained by relatively weak
van der Waals interactions. Indeed, collective vibrations with frequencies
w = 3 cm-1 have been observed in detailed molecular-dynamics simulations
of PTI,26 and even lower frequency vibrations Were predicted. With the
quasi-harmonic force field and our simplified PTI molecular model, we find
50 vibrational modes with frequencies less than 25 cm-1 and 7 with
frequencies less than i cm-1.
The second moments of the distribution of atomic positions of a molecule
a~ (i = 1,2,3) provide a general measure of molecular shape.32,33 For the
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Fig. 3. Relative displacements of each of the residues along modes 7, 8, and 11. The displacements are normalized to the largest eigenvector component for these three modes, (IArl
of residue I in mode 8).

simplified model of PTI we consider, they are related to the three moments
of inertia, hi, of the molecule by a~ = X~M. PTI is roughly pear-shaped,
with rms second moments al = 8.68/~, a2 = 4.75/~, a3 = 3.88/~. In order
to identify low-frequency modes along which the entire PTI molecule is
most easily deformed, we compare the square roots of the second moments,
ai, for molecular conformations corresponding to deformations along each
of the normal-mode eigenvectors with the values for the x-ray structure.
The changes in the ai for displacements [Eq. (6)] along the lowest frequency
modes are shown in Fig. 2. It is apparent that only for a very small number
of the 168 modes (the lowest 10) do the vibrations change the overall shape
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Fig, 4, Displacements from the center of mass (with kBT strain energy) for each of the
residues for modes 8 and 11. The circular "conformation wheel" format has been used to
draw the graph (Refs, 36,37), (a) D, crystal structure (Ref. 48); *, mode 8; (b) D, crystal
structure; *, mode 11.

of the molecule. The greatest distortion of the long axis of PTI occurs for
displacements along mode 11, for which there is a 5% change in al calculated
with ]~BT strain energy in this mode. Motion along mode 11 also results
in the largest (20%) distortion of the a3 axis. With regard to the remaining
principal axis, a2, the largest change is calculated to occur for displacements
along mode 8. The large fractional change in a2 (30%) is due to the motion
of the N-terminal a-helix along the a2 axis. It is of interest that the lowest
frequency vibration (mode 7, 0.32 cm-1) does not lead to the largest change
in the dimensions of the molecule. We have obtained additional structural
information concerning conformations obtained from motion [Eq. (6)] along
modes 7, 8, and 11. The results are described below.
PTI contains two stretches of a-helix at the N- and C-termini (residues
3-6 and 47-56) and an antiparallel fl-sheet oriented along the long axis of
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(b)
Fig. 4. (continued from the previous page)

the molecule (residues 16-25 and 28-35). There are three loop regions
where the a-carbon chain direction is reversed: residues 14-16 (at the
active site) and 37-39 at the top of the "pear" and residues 26-28 at the
base. The relative displacements of each of the 58 Ca carbons along modes
7, 8, and 11 are shown in Fig. 3. The greatest displacements occur at the
chain ends and in the loop regions. The pattern of the displacements in
Fig. 3 can be most clearly interpreted in terms of collective motions of
structural domains for mode 8. While the greatest displacements are at
the N-terminal end, both loops at the top of the molecule appear to be
moving collectively. The large displacements at residues 15 and 38 and
the small displacements (approximate nodes) at residues 10, 21 and 31, 45
suggest that in mode 8, the two loops are bending and/or twisting with respect to the base of the molecule. In the full molecular-dynamics simulation of PT111,29 from which the quasi-harmonic force constants were
derived, the largest displacements were observed to occur at the ends and
in the loop regions of the protein. That similar trends for the displacements
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(a)
Fig. 5. ORTEP plots of the c~-carbon skeleton of PTI displaced along modes 8 (a) and 11
(b): o~O, crystal structure; ~)--O, displaced structure along specified mode.

are found for the lowest frequency modes in the present study supports the
suggestion1°’26,31,34,35 that low-frequency collective modes play the dominant role in determining atomic displacements.
The one-dimensional radial distributions of atomic displacements from
the molecular center of mass along modes 8 and 11 are displayed as conformation wheels33,36,37 in Fig. 4. Comparing the radial distributions for
the molecule distorted along mode 8 with that for the crystal structure [Fig.
4(a)], it is apparent the N-terminal a-helix, residues 1-6, is moving as a unit
away from the molecular center of mass, leading to the large change in a2
calculated for this mode. Mode 11 has been identified as leading to the
largest changes in dimension along the al and a3 principal axes. From the
circular plot of radial distribution [Fig. 4(b)], it appears this mode resembles
a very low frequency elastic-breathing vibration in that most of the atomic
centers (53 out of 58) are increasing their radial distance from the center
of mass in a coherent manner as the molecule is distorted along the normal
coordinate. We present ORTEP plots of the a-carbon skeleton distorted
along modes 8 and 11 in Fig. 5. For comparison, plots of the x-ray structure
are included. The motions of the N- and C-terminal a-helices and of the
loops at the top and at the base can be clearly seen in the pictures.
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(b)
Fig. 5. (continued from the previous page)

The modeling of crystalline materials in terms of normal modes has long
provided a framework for analyzing the thermodynamic characteristics
of these systems. Although for globular proteins the normal-mode picture
constitutes an approximate description of the complicated dynamics, the
model is nevertheless finding increasing applications in analysis of experimental data for proteins. Of particular interest is the interpretation of
calorimetric data for ligand binding in terms of changes in the vibrational
density of states for the protein on ligand binding.3s The vibrational
density of states for a protein can be probed using optical techniques.39-41
The recent availability of high-intensity synchrotron sources makes inelastic neutron scattering a very promising technique for probing the vibrational spectrum of protein. The low-frequency neutron scattering
spectrum for lysozyme42 and hexokinase43 have been reported and experiments on PTI are underway. To aid in the interpretation of these experiments, theoretical vibrational normal- mode calculations of proteins
are required. Three separate calculations of the vibrational spectrum and
normal modes for PTI in the harmonic approximation have recently been
reported.34,35,44 For two of the calculations34,3~ the number of degrees of
freedom considered is restricted to the dihedral angles of the protein, while
for the third44 the complete conformational space is considered; to solve
the secular equation a 1500 × 1500 matrix diagonalization was required.An
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In agreement with the quasi-harmonic analysis, the harmonic normal-mode
results predict that the atomic functions were dominated by the low-frequency modes and that the loop regions and ends of PTI are the most
flexible. The calculated density of states profiles in the harmonic approximation appear similar in that there is a peak in the density at N30-50
cm-1 with the lowest frequency vibration calculated to occur at N3 cm-1.
That the lowest frequencies calculated in the harmonic approximation are
greater than the quasi-harmonic values may arise from the inclusion of
anharmonic effects in the present calculation. However, the use of a
simplified virtual-bond model for which we have not explicitly included
nonbonded terms between residues may also lead to lower frequencies. The
quasi-harmonic oscillator method we have developed to calculate the
normal modes of PTI can be used with a more detailed atomic model for
the protein, and such a calculation is underway for PTI (B. Brooks and M.
Karplus, private communication).
In this paper, we have presented a new method for parameterizing a force
field that can be used to study very low frequency vibrations and flexible
paths in proteins. Since we are concerned here with the macromolecular
features of the protein, a highly simplified model has been used for which
entire residues are represented by single interaction centers. In the
quasi-harmonic approximation, the effective force constants for these internal coordinates were obtained from a quadratic approximation to the
potentials of mean force evaluated from a molecular-dynamics simulation
of PTI on the full potential surface. The method is similar in spirit to the
method proposed by Karplus and Kushick45 for the evaluation of the entropy of macromolecules from molecular-dynamics simulations. A detailed
comparison of the use of the harmonic approximation for the evaluation
of the conformational entropy of a polypeptide with the quasi-harmonic
approximation will be presented elsewhere.~6 The quasi-harmonic modeling of large-scale aspects of protein dynamics will be useful in a variety
of applications. As illustrated here, quasi-harmonic models allow for a
relatively simple and compact description of low-frequency,, collective
thermal motions in proteins. The effective energy function can be used
for approximate determination of the large-scale responses of a protein to
applied stresses prior to detailed calculations using the full energy function.
Such calculations could be valuable in studies of the coupling of local and
collective motions that occurs in ligand binding and other functional processes in proteins.~-3,26,31,46,47 By associating solvent friction terms and
corresponding random forces with the interaction centers, one would obtain
a generalized version of a model that was used previously to analyze single
group motions in the protein interior.12,26,46 Such generalized models could
be used to improve the level of description of solvent damping effects on
large-scale motions of proteins.2 The level of atomic detail incorporated
in the model described here can be increased in several ways, including the
introduction of hydrogen-bond-like interactions between residues to account more explicitly for protein secondary structures, the introduction
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of terms to represent nonbonded interactions, and the use of more detailed
models for the amino acid residues. It is important to identify the level
of atomic detail that is required, since with increasing detail, it becomes
difficult to interpret the results in terms of macromolecular motions.
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