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The diffusive Langevin equation of motion is used to silnulate the equilibrium and dynamic properties of model alkanes
for times up to 100 ns. Comparisons are made between the results obtained with an isolated molecule potential surface and
with one modified to incorporate solvent effects.

1. Introduction
Molecular dynamics simulations have become a popular and powerful tool for the study of problems involving the interactions of many particles. Most of the
applications have been to equilibrium and dynamic
properties of condensed phases [1] although recently
the technique has been employed to simulate the motions of the 458 heavy atoms of a single protein molecule in the neighborhood of its native structure [2].
For many processes of interest in liquids and in proteins
the relaxation times are too long for a full molecular
dynamics approach. It is often possible to simplify
such problems by separating a large system into two
parts, only one of which is studied in detail. The most
obvious case is a solute at infinite dilution; only the
solute atoms are explicitly retained in the hamiltonian,
and the effect of the solvent atoms is incorporated into the dynamics by the use of an effective solute potential, by the presence of a random force term and by
frictional damping. Such a "subsystem plus heat bath"
separation of the many-particle problem is termed
brownian or stochastic dyna~nics [3-8].
In this report, we present the results of stochastic
* Supported in part by grants from the National Institutes of
Health and the National Science Foundation.

dynamic calculations in the diffusive limit [4] for butane and heptane in aqueous solution. Processes with
relaxation times ranging from 0.1 to 100 ps are evaluated by simulations extending over 100 ns. Particular
attention is focused on the molecular potential energy
function, which includes effects of the solvent and external constraints on the equilibrium and dynamic
properties of the hydrocarbon chains. The behavior of
these chains, which is of intrinsic interest, can serve as
a model for relaxation in lipid membranes and in aliphatic amino acid side chains.
2. Method

The eqnation of motion descriptive of brownian
particles is the Langevin equation [9]
mi doi/dt : _ (3i~i + Fi + Ai(t),

(1)

where mi, t)i and Oi are the mass, velocity and friction
constant of the ith particle and Fi is the systematic
force acting on the ith particle due to the potential of
mean force; fi in general depends on the coordinates
of all of the particles. The stochastic term, Ai(t) represents the randomly fluctuating force on the particle
due to the solvent; it is assumed to have a gaussian distribution with first and second moments
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(Ai(t)" A](t’)) = 60i kT8 (t - t’) <3ii.

(2)

In the diffusive regime, the particle momenta relax to
equilibrium much more rapidly than the displacements.
With the assumption that the forces are slowly varying
(i.e., that it is possible to take time steps large compared to the momentum relaxation time (At >> miffJi)),
eq. (1) can be integrated twice to obtain the equation
[4,5,9] for the displacement vector, Q,
ri (t + At) = ri (t) + [Fi (O/Oil At + ~ri (t).
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(3)

The term ~ri(t) is the random displacement due to
the stochastic force; from eq. (2) it is chosen from a
gaussian distribution with zero mean and second moment 6Di At, where Di, the diffusion coefficient, is
Eq. (3) is the equation that was used to calculate
the trajectories of the hydrocarbon chains. An extended-atom model was introduced, in which the CH3
and CH2 units are represented as spheres of van der
Waals radius 1.85 )~; the bond lengths and angles of
the alkaiae chains were set equal to 1.523 A and 111.3°,
respectively. Each extended atom group along the
chain acted as a point center of frictional resistance
with a Stokes law friction constant (/3 = 6zrar~). To determine/3, the viscosity of water at 25°C (7 = 0.01
poise) was used and a was set equal to the extended
atom van der Waals radius; with these parameters,/3 =
3.45 X 10-9 g/s. This is to be compared with the value
/3 = 2.2 × 10.9 g/s obtained from the experimental diffusion coefficient of methane in water at 25°C.

freedom and only the associated torsional potential
was used, but for heptane both torsional and nonbonded terms are required.
The solvent contribution to the torsional nonbonded potential was obtained from the work of Pratt
and Chandler [12], which expresses the potential due
to the solvent as -kTlny, Where y is the cavity distribution function. For the torsional potential In y (¢)
was estimated from a pseudo-diatomic cavity model
for butane with each ethyl group replaced by a sphere
at the midpoint of the ethyl C-C bond [12]. The isolated molecule [Vmol(qS)], and solvent modified potential [Vmol(¢) + Vsol(0)] are compared in fig. la.
It is clear that the main difference between the two
potentials is a stabilization of the gauche configuration
by the solvent. The differences in energy at 25°C between the trans and gauche geometry in the vacuum
and in the solvent are 0.70 kcal/mole and 0.16 kcal/
mole, respectively. For the solvent effect on the nonbonded interaction, the cavity distribution function
for two methane molecules dissolved in water was used

vocuum

kcal/mole

3. Potential function

0,80
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The negative gradient of the potential of mean force
is used for F1 in eqs. (1) and (3). This is a combination
of the potential energy arising from the interaction
among the particles composing the solute molecule
and the effective potential due to the solvent molecules. The molecular potential was expressed as a sum
of two types of terms; the first is a torsional potential
energy for each of the dihedral angles, and the second
consists of pair-wise Lennard-Jones interactions, between extended atoms separated by four or more bonds
[4,10-12]. For butane there is one angular degree of

0.40
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Fig. 1. (A) Alkane, intramolecular torsional potential in vacuum and in water at 25° C. (B) Lennard-Jones potential between
heptane atoms separated by four or more bonds in vacuum,
and in water at 25°C.
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[12] ;the isolated system and solvent modified potentials are shown in fig. lb. The latter has a slightly deeper energy minimum (-0.38 versus 0.30 kcal/mole),
which occurs at a smaller interparticle separation (3.9
versus 4.15 A); at larger separations the attraction is
more quickly screened in the solvent.
To model hindered dihedral angle motion, expected
in amino acids that are part of a protein or hydrocarbons that are part of a membrane, a heptane trajectory
was calculated with the three atoms at one end of the
chain held stationary. There are four dihedral angles
in heptane, all of which can vary if three end atoms
are fixed. However, motion of four atoms contributes
to a change in the dihedral angle (¢4) at the unrestricted
end of the molecule, while the dihedral angle (¢1)
closest to the restricted end changes only as a result of
the motion of a single atom.
4. Calculations

For all of the systems considered, eq. (3) was integrated in cartesian coordinates with the bond lengths
and angles of the molecule constrained to the initial
value by use of the SHAKE algorithm [10]. In general,
a correction term should be introduced when the
Langevin equation is solved with constraints [7,13].
This term was omitted from the present simulation in
which the effect is expected to be small. Analytic evaluation of the metric tensor correction for butane indicates that the relative populations in the significant
trans, gauche, and transition state configurations would
be changed by 10% or less; only in the energetically
forbidden cis region would the effect be important.
Further a simulation of butane in the absence of the
torsional potential demonstrated that the actual correction for the SHAKE algorithm is even smaller than
that calculated from the metric tensor.
For the butane simulation, time steps of 0.005 ps
and 0.05 ps were compared; for the other molecules,
time steps between 0.025 and 0.05 ps were used.
Butane trajectories were run for 90 ns (25°C) and 20 ns
(50°C) on the solvent modified potential surface and
20 ns (25°C) on the vacuum molecular potential sur-face. Heptane trajectories on the solvent modified surface (25°C) were recorded for 20 ns without constraints
and 10 ns with three atoms held fixed. 10 ns of the butane trajectory required 15 min CPU time on an IBM
370/168 computer.
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5. Results

To test the method, the stochastic trajectories for
butane were used to evaluate the equilibrium distribution, which can be compared with that obtained directly from the configurational partition function. The
equilibrium fractions of trans and gauche states predicted by the latter are listed in table 1 ; the vacuum
result at 25°C and the results in water at 25°C and
50°C are given. For comparison the values obtained
with a three-state rotational isomeric model of butane
are included; the two sets of values differ by about 10%.
At 25°C in vacuum, butane is 65% trans and 35%
gauche (Keq = 0.54), whereas in water at the same temperature butane is predicted to be 44% trans and 56%
gauche (Keq = 1.27). The predicted fractions of trans
and gauche states of butane in water are nearly the
same at 25°C and 50°C because, the temperature effect
on the vacuum distribution is approxhnately cancelled
by the solvent contribution.
The equilibrium results obtained from the butane
trajectories by determining the fraction of the time
spent in each of the regions (T, G+, G-) are also given
in table 1. It can be seen that there is good agreement
with the values calculated directly. Figs. 2a and 2b
show the angular distributions obtained from trajectories on the vacuum surface and on the solvent-modified surface. There is good agreement with the configurational partition function results, not only for the
peak heights but also for the angular distributions within each well; the distribution is slightly less smooth in
the 20 ns run due to greater statistical fluctuations.
The comparison indicates that a time step of 0.05 ps
provides an accurate sample of the rotational potential.
This is in accord with the small difference between the
results obtained with 0.005 ps and 0.05 ps time steps.
The distributions of heptane rotational isomers obtained from the 20 ns trajectory and the rotational
isomeric model are also listed in table 1. It can be seen
that due to the presence of nonbonded interactions
there is an increase in trans isomers, relative to butane.
The disagreement between the trajectory and rotational isomeric model calculations as to whether ¢1, ¢4 or
¢2, ¢3 is more trans may arise because the trajectory
values are not completely converged.
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Table 1
Equilibrium distribution of butane and heptane

Vacuum potential, 25°C

Solvent potential
25°C

T

G+

G-

65
62

17.5
19

17.5
19

T

50°C
G+

G-

T

G+

Butane
configurational partition fuuction
rotational isomeric model

44
40

28
30

28
30

stepsize 0.005 ps
duration 7 ns

45

27

28

stepsize 0.05 ps
duration 90 ns

43

30

27

43
38

27.5
31

27.5
31

40

38

22

trajectories

stepsize 0.05 ps
duration 20 ns

65

21

14

Heptane
rotation~ isomericmodel
47
50

26.5
25

26.5
25

50
47

27
28

23
25

trajectory

stepsize 0.05 ps
duration 21 ns
¢2,43

A

E3

1.00

vacuum

1.00

solvent
0.75

0,75
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s(@)

%

0.25

*

025

-180

o

0.05

0,50

-120

+120

(degrees)

+180

-180

- 120

0
(degrees)

+120

+180

Fig. 2. Butane rotational distributions obtained from trajectories: (A) 20 ns simulation on the vacuum surface, and (B) 90 ns
simulation on the solvent modified surface.
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6. Dynamics
The internal dynamics of interest for these hydrocarbon chains separate into two very different time
scales. The shorter, on the order of tenths of picoseconds, corresponds to the torsional oscillations within
a potential well (gauche or trans) and the longer, on
the order of a hundred picoseconds, is associated with
the transitions from one potential well to another. To
probe both of these it is helpful to introduce the appropriate time correlation fnnctions [14,15].
Fig. 4. Butane rotational autocorrelation function of torsional oscillations within the trans well; zXq5 (t) is the value of the
We consider butane in detail because the equilibrium
butane dihedral angle relative to the average, q~ = 0.
results are close to the predicted values and the dynamics can be compared directly with standard models for
reaction rates. To illustrate the dynamic behavior, part
K are isomerization rate constants and ~- can be evaluof a trajectory that includes oscillations within a well
ated from the correlation function, CN(r) = (~N(t)
(T) and one transition over a barrier (G- -+ T) is shown
X ~N(t + r))t [14,15];an alternative method of analin fig. 3. It is clear that the molecule spends most of
ysis uses first-passage time statistics [6]. The butane
the time oscillating in a well and makes a rather rapid
rate constants 2KT_+G_+ and KG_+_+T obtained from
transition over the barrier, although diffusional behavthe calculated values of r and the equilibrium constant
ior at the top of the barrier is evident.
(Keq) are listed in table 2. The T -+ G_+ isomerization
For motion within a given well, the relaxation time
rate is faster with the solvent-modified potential than
can be calculated within the harmonic approximation
in vacuum and the back reaction is slower.
The most straightforward procedure to obtain
[9] ; the local oscillatory motion is predicted to be
isomerization
rates might seem to be to count the
overdamped with a relaxation time of 0.15 ps. For the
number
of
barrier
crossings and divide by the total dutrajectory results, the corresponding relaxation time
ration of the simulation. However, this method is diffican be obtained from the correlation function, C4~(~-)
cult to use for diffusive trajectories because a molecule
= (AqS(t) A~b(t + "r))t shown in fig. 4, where A~b(t) is
the value of the butane dihedral angle relative to the
frequently recrosses the barrier several times before
falling into one or another well (see fig. 3). Such behavaverage, ¢ = 0. With an exponential fit to Co (r), the
ior corresponds to the transmission coefficient being
relaxation time is 0.17 ps from the trajectory with
less than unity in transition state theory [16]. In prac0.05 ps stepsize and 0.21 ps from the trajectory with
tical terms, the rate becomes strongly dependent on
a 0.005 ps stepsize.
the
time elapsed between conformations included in
To analyse the butane isomerization kinetics, we
the
sample;
estimates of r varied between 19 and 132
make use of the phenomenological rate equations for
ps
as
the
elapsed
time increased from 0.1 ps to 100 ps.
the decay in the fluctuations of the numbers of trans
To
compare
the
trajectory results with simple modand gauche isomers from the equilibrium values. The
relaxation time for the fluctuation in the number of
els for reaction rates, the butane isomerization is idealtrans particles is r = (2KT~G + KG_+__,T)-I, where the ized to the motion over a barrier of a single particle in

a one-dimensional potential coupled to heat bath. For
this case, Kramers’ classical diffusion treatment [17]
yields

KT_,G_+ (Kramers)
I
4

Time

I
6

I
8

I

(ps)

Fig. 3. 10 ps segment of a butane trajectory showing one transition over the barrier (G- ~ T) at about 4 ps.

= (coTcoTS/2rr)(ITsfl3TroSt)exp(--&E*/IcT), (4)
where ~* is the barrier height, coT and coTS are the
vibrational frequencies at the bottom of the trans well
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Table 2
Butane isomerization rate constants (s-1)
Model

Vacuum potential (25° C)

Solvent potential (25° C)

2KT + G_+

KG-+ ~ T

2KT ~ G_+

KG-+ ~ T

trajectory results

7.6 × 109

1.4 × 101°

classical transition state theory [eq. (5), ~ = 1]
Kramers transition state theory [eq. (4)]

4.6 X 101°
9.6 X 109

8.3 X 101°
1.8 X 1010

9.3 × 109
(1.0 X 101°) a)
5.9 X 10l°
1.0 X 1010

6.4 × 109
(8.3 × 109) a)
4.5 X 101°
8.1 × 109

a) Obtained from trajectory with 0.005 ps stepsize; all other trajectory results use a stepsize of 0.05 ps.

and at the top of the inverted barrier and/3rToSt and
are the torsional friction constant and moment of
inertia of butane in the transition configuration; the
value of/~rot = 9.1 × 10.2 gcm2 s-1 mole-1. The classical transition state theory formula [16] for the reaction rate is
KT__,G_+ (TST) = ~ (O~T/2~r) exp(-z~E*/kT),
(5)
where ~ is the transmission coefficient; comparing eqs.
(4) and (5) we see that ~ = COTSITs//~rToSt in the Kramers
model. Table 2 lists the rate constants for the butane
isomerization obtained from eqs. (4) and (5); if the
frequency factor kT/h is used, the rates are increased
two-fold over the classical values. The rate constants
from the Kramers model, which are about five times
smaller than the transition state values, are in good
agreement with the trajectory results. Since diffusive
dynamics [eq. (3)] was assumed in the trajectory calculations, the differences between the Kramers and

trajectory results must be due to approximations [18]
in applying the former or to lack of convergence in the
latter. As to the validity of the diffusive limit for butane isomerization in water, it depends on the collisional damping of the torsional motion. The effective collision frequency [19,20] is/~rot/Irot = 7.4 × 1013 s-1,
about half that corresponding to the monomer (CH4)
fi’iction coefficient. The critical quantity determining
the validity of the diffusion limit is the number of collisions that occur during the barrier crossing. For the
TS
~ 35, a
present case, this quantity is¯ 2~r~rot/1TS
WTS
value in the range for which recent analyses [20,21]
have shown that the diffusion limit is appropriate.
However, further work is necessary ~o determine the
validity of the present model that uses the friction coefficient obtained from the translational diffusion coefficient of a monomer unit in the Langevin equation
for the polymer dynamics.
With the l~’amers model, we can analyse the effect

Table 3
Heptane dynamics, unconstrained
Number of transitions
in 21 ns a)

Isomerization
rate constant b)

Relaxation time of angular
correlation function c)

total

T ~ G+

T ~ G-

2KT-~G_+

KG_+~T

1
2
3
4

166
119
121
141

44
28
31
35

40
33
28
40

6.1 × 109
5.2 × 109
4.1 × 109
6.7 x 109

7.4 × 109
4.8 × 109
4.1 X 109
6.5 × 109

94
134
148
108

1,4 av~age
2,3 average

154
120

40
30

40
31

6.4 x 109
4.7 × 109

7.0 X 109
4.5 x 109

101
141

a) 5.0 ps intervals between sampling the trajectory.
b) Obtained from evaluation of (~NT(r) gN(0)); rate s-1.
c) Obtained from evaluation of < cos[0(r) - 0(0)] ~, time in ps.
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Table 4
Heptane dynamics, constrained

1
2
3
4

Relaxation’ time of angular
correlation function c)

Isomerization
rate constant b)

Number of transitions
in 10 ns a)
total

T ~ G+

T -~ G-

2KT-+ G_+

KG-+ -+ T

6
16
15
71

2
5
5
18

1
4
3
18

(6.5 × 108)
(1.0 × 10l°)

(1.8 × 109)
(5.7 × 109)

700
101

a) 5.0 ps intervals between sampling the trajectory.
b) Obtained from evaluation of (6NT(r) 8N(0)); rate s-1 ; the values in parentheses are estimates.
c) Obtained from evaluation of (cos[(r) - qS(0)]), time in ps.

of the differences in the shape of the vacuum and solvent-modified potentials on the rate constant. The
0.15 kcal/mole lower T -+ G+ barrier in water increases
the rate constant by a factor of 1.29, while the smaller
curvature of the rotational barrier in water decreases
the rate constant by a factor of 1.17. The overall result
is a small increase (by a factor of 1.09) Of KT_,G_+ in
water. There is a larger effect on the rate constant
KG_+_~T, where both factors are in the same direction.
For heptane, free and with three atoms constrained,
the dynamic results are given in tables 3 and 4, respectively. We list the number of isomerization transitions
for each of the angles and, where sufficient trajectory
simulation data were obtained, the isomerization rate
constants calculated from CN(r) and the relaxation
time for the angular correlation function, (cos [¢(t + r)
- ¢(t)] }t" For unconstrained heptane the isomerization rates are between 1.5 and 2 times slower than in
butane. Further, the rates for the outer dihedral angles
are significantly greater than those for the inner angles,
though still less than for butane. The number of transitions and the angular correlation function show a
corresponding difference in mobility between the outer
and inner dihedral angles. That the angular correlation
function relaxation times are shorter than the reciprocal of the rate constants is due to the fact that motion
within a given well contributes to its decay as well as
the transition between wells. In the constrained heptane chain, there is a large difference in mobility among
the torsional angles; e.g., there were ten times as many
transitions for q54 as compared with ~b1. Plots of the
angular correlation function for each of the dihedral
angles given in fig. 5 show this striking difference in
10

behavior. While the motion of 04, is comparable to the
free heptane chain, ¢3 relaxes about five-fold slower
than in the unconstrained simulation.
This preliminary study of the dynamics of butane
and heptane has demonstrated that diffusive I_angevin
dynamics simulations are an important tool for the
study of intramolecular motions occurring on widely
separated time scales. In future work the method will
be used to calculate specific motional parameters for
comparison with experiment (e.g., NMR relaxation

0

100

2~0

TIME (ps)
Fig. 5. Angular correlation functions for each of the dihedral
angles from the constrained heptane trajectory. First three
atoms are stationary.
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times [22,23]). Of particular interest are the constrained chain dynamics, which have important implications for the motional behavior expected for amino
acid side chains of proteins and hydrocarbon chains in
lipid membranes.
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